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Statistical entropy of a stationary dilaton black hole from the Cardy formula
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With Carlip’s boundary conditions, a standard Virasoro subalgebra with a corresponding central charge for
a stationary dilaton black hole obtained in the low-energy effective field theory describing string is constructed
at a Killing horizon. The statistical entropy of a stationary dilaton black hole yielded by the standard Cardy
formula agrees with its Bekenstein-Hawking entropy only if we take the peFiaaf function v as the
periodicity of the Euclidean black hole. On the other hand, if we consider a first-order quantum correction then
the entropy contains a logarithmic term with a facfo%, which is different from that of Kaul and Majumdar,
- % We also show that the discrepancy is not just for the dilaton black hole, but for any one whose corre-
sponding central charge takes the focfi2=(A,/87G)(2m7/kT).
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[. INTRODUCTION and Majumdaf16] computed the lowest order corrections to
the Bekenstein-Hawking entropy in a particular formulation
Much effort has been concentrated on the statistical mel25] of the “quantum geometry” program of Ashtekat al.

chanical description of the Bekenstein-Hawking black holeThey showed that the leading corrections is a logarithmic
entropy[1—3] in terms of microscopic states both in string term; i.e., the entropy is
theory[4] and in “quantum geometry’[5]. Strominger6]
calculated the entropy of black holes whose near-horizon ge- S An Elnﬁ +const . - - (1.1)
ometry is locally AdS from the asymptotic growth of states. 4 2 4 ' '
Carlip [7,8] derived the central extension of the constraint
algebra of general relativity by using the Brown-Henneaux-where A is the event horizon area. Carlia7] also calcu-
Strominger approachi6] and manifestly covariant phase lated the quantum corrections to black hole entropy by the
space method®©-12]. He found that a natural set of bound- Cardy formula and found that the entropy can be expressed
ary conditions on thélocal) Killing horizon leads to a Vira- as
soro subalgebra with a calculable central charge and the stan-
dard Cardy formula gives the Bekenstein-Hawking entropies S~Sy—3InSy+Inc+const- - -, (1.2
of some black holes. Those works show a suggestion that the
asymptotic behavior of the density of states may be detemhereS, is standard Bekenstein-Hawking entropy and a
mined by the algebra of diffeomorphism at the horizon. So-central charge of a Virasoro subalgebra. Carlip pointed out
lodukhin[13] obtained the same result by an analysis of thethat if the central charge is the sense of being independent of
Liouville theory near the horizon obtained from dimensionalthe horizon are&Carlip thinks that this can be done by adjust
reduction of Einstein gravity. Das, Ghosh, and Miffsd]  the periodicityB [17]), then the factor of-3/2 in logarith-
studied the statistical entropy of a Schwarzschild black stringnic term will always appear.
in five dimensions by counting the black string states which We all know that four dimensional dilaton charged black
form a representation of the near-horizon conformal symmehole obtained in the low-energy effective field theory de-
try with a central charge. Recently, W&5] extended Car- scribing strings have qualitatively different properties from
lip’s investigation[8] for the vacuum case to a case includ- those that appear in the ordinary Einstein gravity. Therefore,
ing a cosmological term and electromagnetic fields andt is worth to investigate whether or not the Carlip’s conclu-
calculated the statistical entropies of the Kerr-Newman blaclsion (the asymptotic behavior of the density of states may be
hole and the Kerr-Newman-AdS black hole by using stan-determined by the algebra of diffeomorphism at horjzamd

dard Cardy formula. Kaul and Majumdar’s resulithe leading corrections to the
On the other hand, the quantum correction to entropy oentropy is a logarithm of the horizon area with a factor
the black hole is an interesting toit6—24. Recently, Kaul —3/2) are valid for the static and stationary dilaton black
hole.
We begin in Sec. Il by using the covariant phase tech-
*Email address: jling@hunnu.edu.cn niques to extend Carlip’s investigati¢B] for vacuum case
"Email address: mlyan@ustc.edu.cn La1a2~~~an:(1/167TG)fala2~~anR to a case for gravity
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coupled to a Maxwell field and a dilaton, i.e., the Lagrangianthe Maxwell field. The reason we set the remaining gauge
n-form is described byl, . ... =€aa...a[R—2(V$)? fields and antisymmetric tensor fiektl, ,, to zero is that the

192 n 192 n . . . .
—e~2¢$F2] A constraint algebra is obtained. In Sec. I1l, the Metrics of stationary and static dilaton black holes are almost
standard Virasoro subalgebra with corresponding centrgpbtained form the Lagrangia@.8). We know from Lagrang-
charges is constructed for stationary dilation black hole. Théan (2.8) that the equations of motiof for dynamical fields
statistical entropy of the black hole is then calculated byA.. ¢, andg,, can be respectively given by
using standard Cardy formula. In Sec. IV, a new Cardy for-

—2a VY —
mula is obtained and then the first-order quantum correction V(e ?F1")=0, 2.9
to the entropy is studied. The last section devotes to discus- 5 " ,
sion and summary. Vigp+ze “*F, Fr'=0, (2.10
IIl. ALGEBRA OF DIFFEOMORPHISM ON THE KILLING R, = 39,R=2V,6V,6—0,,(V)*+2e 2*"F 5 FF,
HORIZON —ig,.e 20F, F. 2.11)

Let £€2 be any smooth vector field on a spacetime mani- . ) )
fold M, i.e., £ is the infinitesimal generator of a diffeomor- The symplectic potentigi-1)-form is
phism. Lee, Wald, and lyg®—12] showed that the Lagrang- 1
ian L, equation of motion n-formE, symplectic potential o r.al=4 Z(v.vlezal 4 Rage) — zey 4y
(n-1)-form @, Noether currentn-1)-form J, and Noether bed 9:£49]=4¢€apcd 2( eVé et) ~EVeSVS
charge(n-2)-form Q satisfy following relations

SL=ESp+do, 2.1) —e PWRAF &+ (A ] (212
Jé]1=0[¢,L:0]-& L, (2.2 From Egs.(2.2) and(2.12) we have
J=dQ, (2.3

chd:2€abcd{ VViegd —2e-2edpal(gep )
Here and hereafter the “central dot” denotes the contraction

of the vector fieldé? into the first index of the differential 1
form. Hamilton’s equation of motion is given by +|RE— Eé";‘R—ZVe¢Va¢+ 8(V)?
- - _d(& 1
SH[£]= fcww,aqs,zgm— fcw[ﬂ d(£ O[4,60])]. e @e-zmpz} ge]
(2.9

= Zeabcc{vev[ega] - 2e72a¢Faf( geAe);f]

By using Eq.(2.3) and defining an-1)-form B as
=2€,pcd VeV PEN+4V (e 299VIAA £8)],  (2.13
5[505 Bl¢]= ch' Ol¢-0¢], (29 iy the second and third lines, we used the equations of mo-
tion (2.11) and(2.9). Equations(2.3) and(2.13 show that
the Hamiltonian can be expressed| 8§
ch: - 5abct[Va§b+4e_2a¢Ae§eVaAb]- (2-14)

HLEl= LC(Q[é] ~&Blo)). 26 For a stationary dilaton black hole, the dilaton scalar field,
the electromagnetic potential,, and the Killing vector can
The Poisson bracket forms a standard “surface deformatiobhe respectively expressed as
algebra”[26,8]

d=(r,0), (2.19

{HLELH &I =H[{é1, 611+ K[ €1,6],  (2.7)
where the central terfi[£;,&,] depends on the dynamical Aa=(Ao(r,0).Aa(r,6), Aa(r, 0) As(T, 0)), (2.19
fields only through their boundary values. o= x4 (9 =(1,0,004), (2.17

The four dimensional low-energy Lagrangian obtained

from string theory is where the vectop((Ht) corresponds to time translation invari-

L aped= €apcd R—2(V )2 — e~ 229F 2], (2.9 ance,)(ff) to rotational symmetry, an = — (9i,/9,0)H iS
the angular velocity of the black hole.
where e,pcq IS the volume elementp is the dilaton scalar As Carlip did in Ref[8] we define a “stretched horizon”
field, F,p, is the Maxwell field associated with@(1) sub-  x?=e¢, wherex?=g.,x*x" x? is a Killing vector. The re-
group of EgX Eg or Spin(32)/Z,, and« is a free parameter sult of the computation will be evaluated at the event horizon

which governs the strength of the coupling of the dilaton toof the black hole by takings to zero. Near the stretched
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horizon, one can introduce a vector orthogonal to the orbit of aech
X2 by Vox?=—2kp,, wherex is the surface gravity. The Lceabcdgzglv $Ve=0, (2.29
vector p? satisfies conditions

1 and
X*pa=——Xx*x"Vaxp=0 everywhere,
Eabcoe_2a¢§anf[Fef§e+(geAe);f]
pi—x?® atthe horizon. (2.18
. . . — —2a bf
To preserve “asymptotic” structure at horizon, we impose = fﬁceabcoe & O¢As

Carlip’s boundary conditiong3]

L
x|
=0. (2.2

+t-p

- | x|
1 :f € de_z”‘d’[—ﬂ)ﬁ R)(b be5 Af
3xX*=0, X*°00ap=0, pa=—5-Va(Sx))=0, ac p ¢

at x?=0, (2.19
Therefore we know that the last three terms in 2924 also
wheret? is a any unit spacelike vector tangent to boundarygives no contribution td&[ £;,&,].
dM of the spacetim@. And the infinitesimal generator of a By applying Eqs(2.16), (2.17), (2.20, and(2.23, we can
diffeomorphism is taken as show that, at the horizonS ceapce 24 ?A£8V2AP—0.
Hence, from Eq(2.14 we find

E=Rp%+Ix% (2.20
_ agb
where functionsk and 7 obey the relation$8] LCQCC’_ Lceab‘:dv & (229
1% a Denoting byé, the variation corresponding to diffeomor-
R=——x"Val, everywhere phism generated by, for the Noether current we have
p 3¢, [ £1]=d[£x(O[ ¢, L, ¢]—£1-L)]. Substituting it into
p2V,7=0, atthe horizon. (2.2  Eq.(2.4) and using Eq(2.12 we obtain

For a one-parameter group of diffeomorphism such that 5 :j Ol L —£0O[b.L _ L
D7,=\,7,, (D=x%3,), one introduces an orthogonality &MLl 0C(§2 [6:Le, P~ 601 Ly b )= E8L)

relation[8]
~ = Lcéabcifgve(veftf—vbﬁ)—§TVe(Ve§2
fHCE,];,TB"’ Ouipp- (2.22
. . . _Vb‘fg)]_‘l'f, Eabcoe_zaqs{ggFfb[FeffE
The technical role of the conditiof2.22) is to guarantee the aC

existence of generatord[ ¢]. By using the other future-

e _ ¢sarfb e e
directed null normal vectoN2=k®— ay2—t2, with k?= T(&1Ae): ]~ EF P Feréa + (£2A): 1]}

—1Ix%(x®*—|x|/pp?) and a normalizatioN,x®=—1, the
volume element can be expressed as - Lceabcc[Ang(gifg—fgﬁHfgfll)l-]
€abca= €cd(XaNb— xoNa) + - -, (2.23

4| cocd BE-EHTVS. (229
the omitted terms do not contribute to the integral.
From the right hand of Eq(2.5) At the horizon, applying Eqgs(2.19, (2.16), (2.17), and
1 (2.19- (2.23 we see that
f §b®bcd:4f fabcdga(z(vev[e‘fb]_F Rgge)_geved’vb
" " f L Cancd 36— G VPOVt

—e2“¢Ffb[Fef§e+<§eAe>;f]}, (2.24 ,
(o (2 e e
] ) ) cdl 2 PbpP x| P | XbX
we know that the first two terms in the right hand of Eq. = p p
(2.24) can be treated as Carlip did in RE8]. At the horizon, _ b
by using Egs.(2.19, (2.16, (2.19, and (2.19—(2.23 we X(LDL-TLDTL)Vi¢Ved
obtain =0, (2.29
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~ xl p
f EabcdfgflfL:f €cdk| —Toppt| 77+t p | Raxp
aC aC L P |X|
X(T1x°+ R 1p°)
~ [Ixl
:J' ecdl| TR 1p”
aC p
| Zttplr TXZ}
x| 2t
=0, (2.30
and
. 1 x%\[Ixl
f Eabcng(fifg_gggi):j ECng(——Z [—pbpe
dC JC K p P
p
(£ . }
(|X| P | XpX
X (LD~ T,DT,)
=0. (2.31

Substituting Eqs(2.29, (2.26), (2.30, and(2.3)) into Eq.
(2.28 we find

SHIEN= | cancd BTUTR-T°6)

—EV(VEE-VPE)]. (2.32

We can interpret the left side of E€R.28, the variation of

the boundary ternd, since the “bulk” part of the generator
H[ &,] on the left side vanishes on shell. On the other han
the change inJ[ £;] under a surface deformation generated
by J&,] can be precisely described by Dirac bracket

{I[£11,i[&211* [8]. Thus we have

OIETIEN = | concd BTV

— E2V(VeE—VPED)]. (2.33

Inserting Egs(2.20), (2.21), and(2.23 into (2.33 we obtain

1 3 3
~(T,D’T,~T,D°T))

OetIel = - |

—2x(TiDT,—T,DTy)|. (2.34

PHYSICAL REVIEW D 63 024003

The Hamiltonian(2.6) consists of two terms, but Egs.
(2.29 and(2.26 and discussion about ® in Ref.[8] show
that the second terms make no contribution. Then, we have

2k(T,DT,~T,DTh)

&L, 60]= Lcécd

1
—;D(TlDZTZ—TzDle). (2.36

On shell Eq.(2.7) can be expressed as

PELIEN ={é1,. 60+ K[61,6]. (237

Therefore, we know that from Eq$2.34) and (2.36 the
central term is

~ 1 2 2
K[§1a§2]:LC€cd;(DT1D 7,—D7,D°Ty). (2.38

It is interesting to note that the constraint alget@87) with
Egs.(2.34), (2.36, and(2.38 has same form as that for the
vacuum case[8]. In the next section, we will study
statistical-mechanical entropies of some stationary dilaton
black holes by using the constraint algebra and conformal
field theory methods.

lll. STATISTICAL ENTROPY OF STATIONARY
DILATON BLACK HOLE

In order to construct a standard Virasoro subalgebra from
constraint algebra(2.34 and (2.36-(2.39, as Cadoni,
Mignemi, and Carlip did in Refs[27,8 we define a new
dgeneratotfva in which the functiorv takes periodl. From

stationary conditiong2.17) we know that a one-parameter
group of diffeomorphism satisfying Eq$2.22) and (2.35
can be taken as

: 3.0

T T . (211' 0 )
n—zex n ?U'f'ca((p— HU)

whereC,, is an arbitrary constant. We should note that one-
parameter group3.1) is also valid for the static black hole
since it is a special case of the stationary black hole with
QOy=0. Substituting Eq(3.1) into central term(2.38 and
using condition(2.22 we obtain

iAH 27T 3
K[va,];]]: — 5 M 5m+n,01

87 kT (32

whereA,, = [ ,ce.q is the area of the event horizon. Equation

For any one-parameter group of diffeomorphism satisfying(2.37) thus takes the standard form of a Virasoro algebra

conditions(2.20 and(2.21), it is also easy to check that
. a1 X

161,6}°=(T.DT,—T,DTy) x*+ ;—ZD(TlDTz

p

—T,DT)p" (2.39

(LT ATy = (M= 1) Ty ]+ 1516
(3.3

with central charge
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c Ay2 . .
1_2: 8_H _’7—'7—' (34) |[a,b]~J’ dTe47TIaV‘55+ 27le/7'g('r— TO)Zf(To)
m K
1/4
The boundary termd[7;] can easily be obtained by using | i e 4.3
Egs.(2.3), (2.14), and(3.1), which is given by - 433 : :
Apy kT Comparing Eqs(4.1) with (4.2) we know
ITol=A=5g— 5 (3.9
A, b=o—A (4.4
a=——A, =——Ag. .
From standard Cardy’s formu(a] 24 24 0
C c Therefore, for large\, if we let cog=Cc—24A,, the number
p(A)~exp{ 277\/6( A— 22 ] (3.6 of states can be expressed as
c 1/4
we know that the number of states with a given eigenvalue Peg(A)~ ;”3
of J[ 7] grows asymptotically for largaA as ( A— i)

N F{AHm 3 c
p(A)~exp—= T (3.7 xex;{Zw\/ﬁ}P(Ao) (4.9

Only if we take the period as the periodicity of the Euclid-
ean black hole, i.e.,

The exponential part it4.5) gives the Carlip’s resul(C.3)
in Appendix C in Ref.[8], the factor before the exponent
devotes the logarithmic correction to black hole entropy.
T=— (3.9 By Using the central charge.4), eigenvalug3.5), con-

K straint condition of the perio(B.8), and new Cardy formula
(4.5, we know that the statistical entropy including first-

the statistical entropy of the stationary dilaton black hole ;. qer quantum correction is given by

Ay Ay 3 A
So~Inp(A)=—7-, (3.9 S=TH——In—H+In c+const.,
coincides with the standard Bekenstein-Hawking entropy. Ay 1 Ay
= T - E'I’IT + const. (46)

IV. LOGARITHMIC CORRECTIONS TO BLACK HOLE

ENTROPY The first line has two logarithmic terms and agrees with Car-
lip's results(1.2) [17]. However, after we tak& =27/ «, the
Now let us consider the first-order quantum correction to second shows that the factor of the logarithmic term becomes

the entropy. In order to do that, we should first derive the 1 which is different from Kaul and Majumdar's result
logarithmic corrections to the Cardy formula.

In Refs.[28,17], Carlip showed that the number of states

le

'S V. SUMMARY AND DISCUSSION
p(A):f dre—2mArg—2miAg(1/7) g(2micI24) Te2(mic/24 (1/7) We extend Carlip’s investigation in Ref8] to four di-
mensional low-energy string theory by the covariant phase
~ techniques. With Carlip’s boundary conditions, a standard
XZ(=1), (4.0 vVirasoro subalgebra with corresponding central charge for
- stationary dilaton black hole is constructed at a Killing hori-
whereZ(—1/7) approaches to constanpt(Ao), for larger.  zon. We find that only we tak& as the periodicity of the
So the integral(4.1) can be evaluated by a steep descentyclidean black holeT =2/ «, the statistical entropy of the
provided that the imaginary part of is large at the saddle stationary dilaton black hole yielded by standard Cardy for-

point. mula agrees with its Bekenstein-Hawking entropy. There-
The integral takes the form fore, Carlip’s conclusion—the asymptotic behavior of the
density of states may be determined by the algebra of diffeo-

_ 2miart 2miblr morphism at horizon—is valid for stationary dilaton black

I[a,b]= f dre f(n). 42 |oles obtained from the low-energy effective field theory

with Lagrangian(2.8).

The argument of the exponent is extremakgt \b/a, and When we consider first-order quantum correction the en-
expanding around, one hag17] tropy contains extra logarithmic terms which agree with Car-
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lip’s results(1.2) [17]. However, from above discussions we between Carlip’$17] approach and that of Kaul and Majum-
know that in order to get the Bekenstein-Hawking entropydar [16] is not just for the dilaton black hole, but for any
we have to takeT=2w/k. That is to say, we cannot set black hole which respect®.38), where T is the periodicity
central chargec to be a universal constant, independent ofof the Euclidean black hole.

area of the event horizon, by adjusting periodiditgs Carlip

suggested in Refl17]. Therefore, the factor of the logarith-

mic term is— 3, which is different from Kaul and Majum- ACKNOWLEDGMENTS

dar’s result,— 3.
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